Abstract. We give a combinatorial description of the irreducible components of Alexeev and Brion's moduli schemes parameterizing affine multiplicity-free varieties with prescribed weight monoid Γ. Furthermore, if Γ is saturated, we prove that the corresponding moduli scheme is irreducible and smooth. If Γ is free, we show that the irreducible components of the moduli scheme are smooth. As a consequence of these results, we derive that the so-called root monoid of an affine spherical variety is free whenever so is its weight monoid.
Introduction
Let G be a connected reductive algebraic group over an algebraically closed field k of characteristic 0. The algebra of regular functions of an irreducible G-variety has the natural structure of a rational G-module. When this module contains every simple Gmodule with multiplicity at most 1, the corresponding G-variety is called multiplicity-free. The G-module structure of the ring of regular functions of a multiplicity-free G-variety X is thus encoded in a finitely generated monoid Γ X , the so-called weight monoid of X.
In [AB] , Alexeev and Brion constructed a moduli space M Γ for affine multiplicity-free G-varieties with prescribed weight monoid Γ; they also proved that M Γ is a connected affine scheme of finite type over k. Examples of such moduli schemes were further studied in [Ja07, BC, PvS, Cu] where they were shown to be smooth and irreducible.
In this paper, we are concerned with the study of the irreducible components of M Γ when Γ is weakly saturated. This assumption on Γ ensures that the corresponding multiplicity-free varieties are normal -in which case, these varieties are usually called spherical. Based on the classification of (not necessarily affine) spherical varieties established jointly in [LV83, Kn91, Lu01, Lo09a, BP, Cu], we give a combinatorial description of all irreducible components of M Γ . In particular, we obtain a combinatorial criterion for determining whether a moduli scheme M Γ is irreducible. As an application of these results, we prove that M Γ , with Γ being saturated, is irreducible.
Furthermore, we prove that the irreducible components of M Γ are smooth for free and/or saturated monoids Γ and in turn, are affine spaces. The smoothness property, suspected in [Br13] , is derived from a description of the tangent space of M Γ at some peculiar closed point. From these results, we deduce that the so-called root monoid Σ X of an affine spherical G-variety X (a combinatorial object encoding the ring structure of the algebra of regular functions on X) is free whenever so is the weight monoid of X. Only the freeness of the saturation of Σ X was known before; it was proved by Knop in [Kn96] .
We conclude this work by discussing several examples of non-irreducible (and in turn, non-smooth) moduli schemes M Γ .
Acknowledgments. We are grateful to E. B. Vinberg for posing a question, related to one of the problems solved in this work.
The first author was supported by DFG priority program 1388 (Representation theory) during his visits to the University of Bochum (November-December, 2012) and the University of Cologne (April-May, 2013). Also the first author was supported by the RFBR grant no. 12-01-00704, the "Oberwolfach Leibniz Fellows" program of the Mathematisches Forschungsinstitut Oberwolfach (in 2013), and Dmitry Zimin's "Dynasty" Foundation (in 2014). The second author was supported by the SFB/TR 12 of the German Research Foundation (DFG).
Notation and main statements
In this section, we first set up some notation, collect basic material on multiplicity-free varieties and Alexeev-Brion's moduli schemes, and give a brief synopsis of the main results obtained in the next sections. At the end of this section, the reader will find additional notation used in the remainder of the text.
2.1. Let G be a connected reductive algebraic group over an algebraically closed field k of characteristic 0. We fix a Borel subgroup B ⊂ G along with a maximal torus T ⊂ B and denote the unipotent radical of B by U. Let X(T ) be the character lattice of T . The monoid Λ + ⊂ X(T ) of dominant weights of B parametrizes the simple G-modules; given λ ∈ Λ + , we write V (λ) for the simple G-module with highest weight λ.
2.2. Let Γ ⊂ Λ + be a finitely generated monoid and
be the set of indecomposable elements of Γ. Consider the G-module
with v i being a highest weight vector in V (λ i ) * for i = 1, . . . , s, and
The affine G-variety X 0 is multiplicity-free since the decomposition of its coordinate ring R Γ into simple G-modules is
2.3. Given an affine multiplicity-free irreducible G-variety X, we denote its weight monoid by Γ X . As a G-module, its coordinate ring k[X] thus decomposes as follows:
The multiplication law m X of the ring k[X] can be written as
where each component
In particular, the multiplication m 0 of the ring R Γ is the so-called Cartan product:
Theorem 2.1 ( [AB] ). The G-equivariant multiplication laws on the G-module V (Γ) that extend the multiplication of the T -algebra V (Γ) U are parametrized by a connected affine scheme M Γ of finite type.
Proof. This statement gathers Proposition 2.10, Theorem 1.12, Theorem 2.7 and Corollary 3.4 in loc. cit.; for a review of these results, see also Subsection 4.3 in [Br13] .
Any affine multiplicity-free G-variety X can be regarded as a closed point of M Γ X .
2.4. Let T ad denote the adjoint torus of G, that is, the quotient of T by the center of G.
Every G-equivariant multiplication law on the G-module V (Γ) extending the product of the T -algebra V (Γ) U can be written as in (2.1). The assignment (2.2) thus defines an action of T on M Γ and in turn, of T ad since (m X ) ν λ+µ = 0 only if λ + µ − ν ∈ N∆. Theorem 2.2 ( [AB] , Corollary 3.4). The torus T ad acts on the moduli scheme M Γ with finitely many orbits. The variety X 0 , regarded as a closed of point of M Γ , is the unique point of M Γ fixed by T ad .
2.5. From now on, we consider weakly saturated monoids, that is, monoids Γ ⊂ Λ + such that Γ is the intersection of the lattice ZΓ with the convex cone in X(T ) ⊗ Z Q generated by Γ.
The weak saturation reads geometrically as follows. Let X be a multiplicity-free irreducible affine G-variety. Then the variety X is normal if and only if Γ X is weakly saturated.
An affine multiplicity-free irreducible G-variety X is said to be spherical if it is normal. More generally, a normal (not necessarily affine) irreducible G-variety is called spherical if it has an open B-orbit. In case of affine varieties, these two notions of sphericity coincide; see [VK78, Theorem 2].
Definition 2.3. The root monoid of X is the monoid M X generated by the
Let T X be the saturation of M X , that is,
If X is spherical, then T X is freely generated by a subset Σ X of ZΓ X , see [Kn96, Theorem 1.3] . The elements of Σ X are the spherical roots of X.
Theorem 2.4 ([Lo09b, Theorem 1]). Up to a G-equivariant isomorphism, any affine spherical G-variety X is uniquely determined by the pair (Γ X , M X ).
In the appendix, we gather further material and known results on spherical varieties which will be of use in this paper.
2.6. The following statement is a consequence of Proposition 2.13 and Corollary 2.14 in [AB] along with Theorem 1.3 in [Kn96] .
Theorem 2.5. Let X be an affine spherical G-variety. The normalization of the T ad -orbit closure of X in M Γ , X viewed as a closed point of M Γ X , is a T ad -module whose weights are given by the spherical roots of X.
In particular, the dimension of the T ad -orbit of X equals the cardinality of Σ X .
Corollary 2.6. Proof. The first assertion as well as the "only if" part of the second assertion follow readily from Theorem 2.5. The "if" part of (2) can be derived from Theorem 2.4.
2.7. In Section 3, we introduce the notion of compatible and admissible sets with respect to any given finitely generated and weakly saturated submonoid Γ of Λ + ; see precisely Definitions 3.9 and 3.13, respectively. As proved in Theorem 3.14, admissible sets of Γ are in bijective correspondence with G-isomorphism classes of affine spherical G-varieties with weight monoid Γ. Consequently, we obtain a characterization of irreducible components of M Γ by means of maximal (with respect to inclusion) admissible sets; see Theorem 3.15.
In Section 4, we consider free and/or saturated monoids Γ; we describe the tangent space T X 0 M Γ at X 0 as a T ad -module. Specifically, we show that the set of T ad -weights of T X 0 M Γ is compatible with Γ; see Theorem 4.12. This enables us, in Section 4.3, to prove that all irreducible components of M Γ are smooth (Theorem 4.14).
As a first application of these results, we get a freeness result for the root monoid of some affine spherical G-varieties; see Theorem 4.17.
As a second application, we present, in the last section, examples of irreducible and non-irreducible M Γ . We prove in particular that M Γ is smooth and irreducible whenever Γ is saturated; see Theorem 5.1.
2.8. Some further notation and some conventions. All groups are assumed to be algebraic and their subgroups closed. The Lie algebras of groups denoted by capital Latin letters are denoted by the corresponding small Gothic letters.
· , · is a fixed inner product on X(T ) ⊗ Z Q invariant w.r.t. the Weyl group N G (T )/T ; ∆ ⊂ X(T ) is the root system of G with respect to T ; ∆ + ⊂ ∆ is the subset of positive roots with respect to B;
Π ⊂ ∆ + is the set of simple roots; it is labeled as in [Bo] ; α ∨ ∈ Hom Z (Z∆, Z) is the dual root corresponding to a root α ∈ ∆; If V is a vector space equipped with an action of a group K, then the notation V K stands for the subspace of K-invariant vectors and, for every χ ∈ X(K), the notation V (K) χ stands for the subspace of K-semi-invariant vectors of weight χ. For every element γ = α∈Π k α α, where k α ∈ Q + for all α ∈ Π, we set Supp γ = {α | k α > 0}.
3.
A combinatorial description of all affine spherical varieties with a given weight monoid
Throughout this section, we fix a finitely generated and weakly saturated monoid Γ ⊂ Λ + . The goal of this section is to give a combinatorial description of all sets Σ such that there exists an affine spherical variety X with Γ X = Γ and Σ X = Σ. (We call such sets Σ admissible.) Our approach is based on the known combinatorial description of spherical homogeneous spaces and their affine embeddings. This description provides a number of combinatorial conditions (see Definitions 3.7, 3.9, and 3.12) on a subset Σ of spherical roots of G that turn out to be necessary and sufficient for Σ to be admissible. We note that some of our combinatorial conditions are closely related to the axioms of a homogeneous spherical datum (see Definition A.4) and others naturally come from the description of affine embeddings of a given spherical homogeneous space.
3.1. Let O be a spherical homogeneous space. In this subsection, we first recall the combinatorial description of all affine embeddings of O due to Knop. Thereafter, we state an application of this description that will be useful for our main goal in this section.
Retain the notation of the appendix.
Suppose that X is simple and let (C, F ) be the corresponding colored cone. Then X is affine if and only if there is an element χ ∈ Λ such that:
Here is a useful application of the above theorem.
Proposition 3.2. Let E ⊂ Q be a strictly convex cone generated by ρ O (D O ) and finitely many elements of
Proof. Let C be the largest face of E such that C • ∩ V O = ∅ and set
Then (C, F ) is a colored cone, and the simple embedding X of O corresponding to (C, F ) has the desired properties.
3.2. Let X be an affine spherical G-variety. In this subsection, we recall some properties of X that will be useful for our main goal in this section. Proof. We use the well-known construction described in [Po86, § 4] . Since the set Σ X is linearly independent, there is an element h ∈ L X such that h, σ = 0 for all σ ∈ Σ and h, σ > 0 for all σ ∈ Σ X \Σ. For every n ∈ Z, define the subspace
Then all the subspaces
be the graded G-algebra associated with this filtration and set Y = Spec(gr h k[X]). By construction, one has Γ Y = Γ X and the cone T Y is generated by the set Σ.
Let E X be the cone in Q X generated by the set ρ X (D X ∪ B X ). Since the complement of the open B-orbit in X is exactly the union of all divisors in D X ∪ B X , we get the following result.
The following result is well known, see, for instance, [Ti11, Proposition 5.14] for a proof.
Proposition 3.5. One has Λ X = ZΓ X .
Proof. To prove the inclusion "⊂", let α ∈ Π p X and assume that α ∨ , λ > 0 for some
is P α -unstable, hence so is its divisor of zeros. Consequently, D X (α) = ∅, which contradicts (A.1). Now let us prove the inclusion "⊃". Since X is affine then there exists a nonzero B-semiinvariant function f ∈ k[X] that vanishes on all colors of X. Without loss of generality we may assume that
3.3. In this subsection we provide a combinatorial description of all affine spherical varieties X with Γ X = Γ. Let Λ ⊂ X(T ) be a sublattice and set
Definition 3.7. A spherical root σ ∈ Σ G is said to be compatible with Λ if the following properties hold: (CL1) σ ∈ Λ and σ is a primitive (that is, indivisible) element in Λ;
Proposition 3.8. For a spherical root σ ∈ Σ G , the following conditions are equivalent:
(1) σ is compatible with Λ; (2) there exists a spherical homogeneous space G/H with Λ G/H = Λ and Σ G/H = {σ}.
Proof.
(1) ⇒ (2) According to Theorem A.5 it suffices to find a set D a equipped with a map ρ :
∈ Π, then we take D a = ∅. In the case σ = α ∈ Π we take D a to be a set consisting of two elements
In both cases one easily checks that H is a homogeneous spherical datum.
(2) ⇒ (1) This follows from Definitions A.4 and 3.7.
Now set Λ = ZΓ and
and let E ⊂ Q be the cone dual to Q + Γ. Since the lattice Λ is generated by Γ, the cone E is strictly convex.
For every spherical root σ ∈ Σ G compatible with Λ we introduce the half-space
Definition 3.9. A spherical root σ ∈ Σ G is said to be compatible with Γ if σ is compatible with Λ and satisfies the following conditions: (CM1) if σ = α ∈ Π then there exists an element ̺ α ∈ L such that ̺ α , α = 1 and the cone E is generated by the set
and finitely many elements of V σ . (CM2) if σ / ∈ Π then the cone E is generated by the set
and finitely many elements of V σ .
We denote by Σ(Γ) the set of all spherical roots σ ∈ Σ G that are compatible with Γ.
Remark 3.10. It follows from condition (CM1) that, for every α ∈ Σ(Γ) ∩ Π, at least one of the two elements ̺ α and ι(α ∨ ) − ̺ α lies on an extremal ray of the cone E. The latter implies that the two elements ̺ α and ι(α ∨ ) − ̺ α are uniquely determined, up to a permutation.
With every α ∈ Σ(Γ) ∩ Π we associate a two-element set S(α) = {D
Proposition 3.11. For a spherical root σ ∈ Σ G , the following conditions are equivalent:
(1) σ is compatible with Γ; (2) there exists an affine spherical variety X with Γ X = Γ and Σ X = {σ}.
(1) ⇒ (2) We consider two cases. Case 1. σ = α ∈ Π. We regard the quadruple H = (Λ, Π p , {α}, S(α)), where S(α) is equipped with the above map ρ. It is easily verified that H is a homogeneous spherical datum. By Theorem A.5, there is a spherical homogeneous space O such that H O = H . Then by Propositions A.2 and A.3 we have
. It follows from (3.2) and condition (CM2) that the cone E is generated by the set ρ O (D O ) and finitely many elements of V σ . As E is strictly convex, by Proposition 3.2 there exists an affine embedding X of O such that Γ X = Γ.
(2) ⇒ (1) Let X be an affine spherical G-variety with Γ X = Γ and Σ X = {σ} and let O be the open G-orbit in X. By Proposition 3.5 one has Λ X = ZΓ X . In view of Remark A.1, Proposition 3.8 implies that σ is compatible with Λ X . By Proposition 3.4, the cone E X = E is generated by the set ρ X (D X ) and finitely many elements of V X = V σ . By Proposition 3.6, one has Π p X = Π p . Conditions (CM1) and (CM2) now follow from Propositions A.3, A.2 and axiom (A1).
Let σ 1 , σ 2 ∈ Σ(Γ) be two distinct elements and let θ : {1, 2} → {1, 2} be the involution permuting 1 and 2.
Definition 3.12. The pair (σ 1 , σ 2 ) is said to be admissible if the following condition holds: (AP) if σ i = α ∈ Π for some i ∈ {1, 2}, then ρ(D), σ θ(i) ≤ 1 for every D ∈ S(α) and the equality is attained if and only if σ θ(i) = β ∈ Π and there is D ′ ∈ S(β) with
Definition 3.13. A subset Σ ⊂ Σ G is said to be admissible if Σ ⊂ Σ(Γ) and every pair of distinct elements in Σ is admissible.
Theorem 3.14. For a subset Σ ⊂ Σ G , the following conditions are equivalent:
(1) Σ is admissible; (2) there exists an affine spherical variety X with Γ X = Γ and Σ X = Σ.
(1) ⇒ (2) First consider the disjoint union S = α∈Σ∩Π S(α). We introduce an equivalence relation on S as follows. For α, α ′ ∈ Π ∩ Σ, D ∈ S(α), and D ′ ∈ S(α ′ ) we write D ∼ D ′ if and only if one of the following two conditions holds:
We set D a = S/ ∼. By abuse of notation, the image in D a of every element D ∈ S will be also denoted by D. It follows from the definition that D a is equipped with a map ρ : D a → L. For every α ∈ Σ ∩ Π, let D(α) be the image in D a of the set S(α)
. We now check that the cone E is generated by the set ρ O (D O ) and finitely many elements of V O . Indeed, take an element q ∈ E such that Q + q is an extremal ray of E. Assume that q / ∈ V O and (3.4)
with (CM1) and (CM2) yields that (3.4) can be possible only if Q + q ∋ ι(β) for some β ∈ (Π ∩ Σ)\{σ}. But in this case condition (CM1) implies that ̺ β , ι(β) − ̺ β ∈ Q + q since Q + q is an extremal ray of E. As ̺ β ∈ ρ(D a ), we have obtained a contradiction with (3.4). Thus, the strictly convex cone E satisfies all the conditions of Proposition 3.2, and so there exists an affine embedding X of O such that Γ X = Γ.
(2) ⇒ (1) Let X be an affine spherical G-variety with Γ X = Γ and Σ X = Σ. By Proposition 3.3, for every σ ∈ Σ X there exists an affine spherical G-variety Y with Γ Y = Γ and Σ Y = {σ}, hence σ ∈ Σ(Γ) in view of Proposition 3.11. Taking into account Proposition 3.4, condition (CM1), and Remark 3.10, we find that, for every α ∈ Σ X ∩ Π, the set ρ X (D X (α)) coincides with the set {̺ α , ι(α ∨ )−̺ α }. In view of Remark A.1, condition (AP) now follows from axiom (A1). Proof. This follows from Corollary 2.6 and Theorem 3.14.
As a straightforward consequence of Theorem 3.15, we have the following irreducibility criterion for the moduli scheme M Γ .
Corollary 3.16. For any weakly saturated monoid Γ ⊂ Λ + , the following assertions are equivalent.
(1) The set Σ(Γ) is admissible.
(2) The moduli space M Γ is irreducible.
Smoothness of the irreducible components of M Γ
Throughout this section, Γ is a free and/or saturated submonoid of Λ + . Recall that Γ is called saturated if Γ = ZΓ ∩ Λ + .
Example 4.1. The monoid generated by 2̟ 1 , 2̟ 2 and ̟ 1 + ̟ 2 is saturated but not free whereas the monoid generated by 2̟ 1 and 2̟ 1 + 2̟ 2 is free but not saturated.
If Γ is freely generated by λ 1 , . . . , λ s , we denote the corresponding dual basis by ̺ 1 , . . . , ̺ s .
We consider the finite generating set E of Γ, the G-module V = V (E) and the G-orbit closure X 0 introduced in Section 2. For any F ⊂ E, we set
For every v ∈ V , we write v = E v λ . Namely, v λ denotes the λ-component of v.
Lemma 4.2. Let Γ be a saturated monoid. Then the dual cone of Q + Γ is freely generated by the co-roots γ ∨ for γ ∈ E ⊥ .
4.1.
Description of the tangent space T X 0 M Γ . As recalled in Subsection 2.4, the moduli scheme M Γ can be equipped with an action of the adjoint torus T ad . Since X 0 is a T ad -fixed point for this action, the tangent space T X 0 M Γ of M Γ at X 0 yields obviously a T ad -module structure on T X 0 M Γ . In this section, we shall describe the T ad -weights (and their multiplicity) of this tangent space w.r.t this action. In the following, N X 0 denotes the normal sheaf of X 0 in V and G x 0 stands for the stabilizer of x 0 in G. (1) The tangent space
There exists an injection of T ad -modules
where the T ad -action on (V /gx 0 ) Gx 0 is defined by setting for every t ∈ T ad
Proof. This statement gathers Proposition 1.13 and Lemma 2.2 in [AB] .
The corollary thus follows readily from Proposition 4.3.
Gx 0 be a T ad -weight vector of weight σ. Then the representative v σ ∈ V of [v σ ] can be chosen in the T -weight space ⊕ E V (λ) λ−σ . Furthermore, v σ satisfies the three following properties:
(1) v σ ∈ gx 0 ; (2) X α v σ ∈ gx 0 for all α ∈ Π and −α ∈ E ⊥ ; (3) σ ∈ ZE.
Proof. Note that G x 0 is the parabolic subgroup of G containing B and associated to E ⊥ .
Lemma 4.6. A non-trivial T ad -weight σ of (V /gx 0 ) Gx 0 satisfies the following properties.
(1) There exists α ∈ Π such that σ − α ∈ ∆ + ∪ {0}. (2) There exists β ∈ Π such that β ∨ , σ > 0.
Proof. Since σ = 0, the first property follows from Lemma 4.5-(2). If σ ∈ ∆ + then the second property is obvious. If σ ∈ ∆, let us consider φ ∈ ∆ + given by the first property, that is, σ = α + φ. We thus have: α ∨ , φ ≥ 0 and in turn α ∨ , α + φ > 0. The lemma follows.
The following proposition along with its proof have been inspired by the proof of Proposition 3.4 in [PvS] .
Gx 0 of weight σ. Suppose there exists ν ∈ E satisfying the following properties: (ES1) the coefficient a ν σ of ν in an expression of σ as an element of ZE is positive;
does not extend to X 0 .
Proof. Given ξ ∈ G m , consider
Note that lim ξ→0 z ξ = z ν . Moreover since z ξ ∈ T · x 0 and the section s defined by v σ is G-invariant, we thus get:
By (ES2), the G-orbit of z ν is of codimension 1 in X 0 and the tangent space of X 0 at z ν equals g.z ν ⊕ Cv ν . Together with (ES3), this implies that the sections in
resp. do not vanish on z ν . It follows that lim ξ→0 s(z ξ ) does not exist hence s does not extend to G.z ν .
Corollary 4.8. Let σ be a T ad -weight of T X 0 M Γ . Then the following situations occur:
(1) If there exist ν ∈ E and a (2) If σ ∈ Π then there exists α ∈ Supp σ such that α ∨ , σ > 0 and α ∨ , λ = 0 for all λ ∈ E but one, say ν. In particular, ν satisfies (ES1) but not (ES2). But in one hand, we have: X α v σ ∈ gx 0 and X α v σ = 0 for some α ∈ Π. And, in the other hand, since (E \ {ν}) ⊥ = E ⊥ , the dominant weight ν satisfies the following property: for every β ∈ Π such that β ∨ , ν = 0, there exists λ ∈ E, ν = λ, such that β ∨ , λ = 0. It follows that σ = α ∈ Π. Thanks to Proposition 4.7, the equality a ν σ = 1 holds. (2) Consider ν ∈ E non-orthogonal to σ and such that the coefficient of ν in an expression of σ as an element of ZE is positive. Note that such a ν exists thanks to Corollary 4.4, Lemma 4.5-(3) and Lemma 4.6. If (E \ {ν}) ⊥ = E ⊥ then we fall in the previous situation and we get: σ ∈ Π -whence a contradiction. Suppose thus (E \ {ν}) ⊥ = E ⊥ . Then there exists α ∈ Π such that α ∨ , σ > 0 along with α ∨ , λ = 0 for all λ ∈ E but ν. Obviously, α ∈ Supp σ. The corollary follows.
Theorem 4.9. If Γ ⊂ Λ + is a free and/or saturated monoid then the tangent space T X 0 M Γ is a multiplicity-free T ad -module. Further the T ad -weights of T X 0 M Γ are spherical roots of G.
Suppose first that σ = α ∈ Π. Then, by Corollary 4.4 and Lemma 4.5-(1), there exist at least two elements in E which are not orthogonal to α. Further, since α ∈ ZE thanks to Lemma 4.5-(3), there exists λ k ∈ E non-orthogonal to α and such that coeff(α, λ k ) > 0 for an expression of σ as element of ZE. Note that (E \ {λ k }) ⊥ = E ⊥ . Therefore, v σ can be chosen in V (λ k ); see the proof of the corollary right above. This yields the multiplicity freeness assertion in the case under consideration.
Suppose now σ ∈ Π. Suppose further there exist two distinct elements of E nonorthogonal to σ; otherwise, we fall in the case worked out in [BC] (see precisely Corollary 3.2 and Lemma 3.5 therein). Take α ∈ Π and ν ∈ E such that all λ ∈ E, except ν, are orthogonal to α; by Corollary 4.8, α and ν exist and we can assume that
. We can thus assume that the representative v σ is such that v λ σ = 0 for all λ ∈ E different from ν, namely v σ ∈ V (ν). It follows: (σ−β) ∨ , λ = 0 for all such λ and for some β ∈ Π such that σ−β ∈ ∆ + ; see the second assertion of Lemma 4.5. Furthermore, this yields:
If β ∨ , σ > 0 then arguing as in the second part of the proof of the above corollary, we get: β ∨ , ν = 0 or β ∨ , λ = 0 for all λ = ν ∈ E. Note that if the latter occurs then every λ ∈ E, λ = ν is orthogonal to σ -which contradicts our hypothesis. We thus have:
The multiplicity freeness follows in the case under consideration. Furthermore, σ ∈ ∆ + . As we proved, we have: δ ∨ , σ ≥ 0 for all δ ∈ Supp σ different from α and β. From Table 1 , we thus obtain: σ ∈ Σ G .
We are left to work out the case where β ∨ , σ ≤ 0. Since σ − β ∈ ∆ + , this inequality implies that σ is a positive root of non-simply laced type. In type B, C or F 4 , we have necessarily β ∨ , σ = 0; a glance at Table 1 yields σ ∈ Σ G and the multiplicity freeness follows readily for these roots. In type G 2 , we obtain the root σ = α 1 + α 2 which satisfies the desired properties.
Auxiliary results.
Proposition 4.10. Let σ be a T ad -weight of T X 0 M Γ . If there exists δ ∈ Supp σ ∪ {0} such that σ − δ ∈ ∆ then δ ∨ , σ ≥ 0. Furthermore, for such δ, δ ∨ , σ = 0 if and only if δ ∈ E ⊥ .
Proof. Thanks to Lemma 4.6 and Corollary 4.8, we can mimic the proof of Proposition 3.4 in [BC] .
Recall the definition of the set Σ(Γ) given in Definition 3.9.
Theorem 4.11. Assume Γ ⊂ Λ + is a free and/or saturated monoid.
(1) If σ is a T ad -weight of the tangent space T X 0 M Γ then either σ or 1 2 σ belongs to the set Σ(Γ).
(2) Vice versa, if σ ∈ Σ(Γ) then either σ or 2σ is a T ad -weight of the tangent space
(1) First, note that σ is compatible with ZE (Definition 3.7) thanks to Proposition 4.10 and Corollary 4.8. Let now prove that σ or 1 2 σ is primitive in ZE and σ fulfills (CM1) and (CM2). Suppose first that Γ is saturated. If σ ∈ Π and σ is primitive in ZE then (CM2) holds by Lemma 4.2. If σ = 2α with α ∈ Π primitive in ZE then there exists a unique λ ∈ E non-orthogonal to α by Corollary 4.8. From this together with Lemma 4.2, we deduce that α fulfills condition (CM1). Finally, let σ = α ∈ Π. If coeff(α, λ) > 0 (for some λ ∈ E and some expression of α as element of ZE) then (E \ {λ}) ⊥ = E ⊥ . By the proof of Corollary 4.8, the vector v σ can be chosen in V (λ); Proposition 4.7-(3) allows to conclude.
Let now suppose that Γ is free and consider the dual basis ̺ 1 , . . . , ̺ s introduced previously. Take ̺ k such that ̺ k , σ > 0. Note that there exists such a ̺ k by Lemma 4.6-(2). If
Arguing as in the proof Corollary 4.8, we thus get: v σ ∈ V (λ k ) and σ ∈ Π. Thanks to Proposition 4.7-(3), for such a k, the equality ̺ k , σ = 1 holds. This concludes the proof of (1).
(2) If σ ∈ Σ(Γ) then by Proposition 3.11, there exists an affine spherical G-variety X such that Γ X = Γ and Σ X = {σ}. It follows from Theorem 2.5, Theorem 4.9 and the definition of a spherical root of G (Subsection A.3) that σ or 2σ is a T ad -weight of
Corollary 4.12. There is a bijective correspondence between the set Σ(Γ) and the set of T ad -weights of T X 0 M Γ .
Proof. This follows readily from the multiplicity freeness of the T ad -weights of the tangent space obtained in Theorem 4.9 along with Theorem 4.11.
Corollary 4.13. Let X be an affine spherical G-variety with weight monoid Γ. Then the dimension of the tangent space at X 0 of T ad .X (regarded as a closed point of M Γ ) is smaller or equal to the cardinality of the set Σ X of spherical roots.
Proof. Let σ ′ be a T ad -weight of the tangent space T X 0 (T ad · X). By Proposition 3.11 and Theorem 4.11, there exists an affine spherical G-variety, say X σ ′ , with σ ′ or 1 2 σ ′ as single spherical root. From Theorem 2.5 and the multiplicity freeness of the T ad -module T X 0 (T ad ·X) (Theorem 4.9), we deduce that X σ ′ ∈ T ad ·X and in turn σ ′ ∈ Σ X or 1 2 σ ′ ∈ Σ X by Corollary 2.6. The corollary follows.
Smoothness results.
Theorem 4.14. The T ad -orbit closures of M Γ and in particular the irreducible components of M Γ , are smooth.
Proof. Let X be a spherical affine G-variety with weight monoid Γ, regarded as a closed point of M Γ . By Theorem 2.5, the dimension of the tangent space of the T ad -orbit of X at X 0 is greater or equal to the cardinality of Σ X . This, combined with Corollary 4.13, implies that the T ad -orbit closure of X is smooth at X 0 . Since X 0 is the unique T ad -fixed point of M Γ (Theorem 2.2), the T ad -orbit closure of X is smooth.
Corollary 4.15. The irreducible components of the moduli scheme M Γ are affine spaces.
Proof. The scheme M Γ being affine (Theorem 2.1), so are its irreducible components. The latter being T ad -orbit closures (Corollary 2.6), smooth (4.14) and containing a unique T adfixed point (Theorem 2.2), they are affine spaces.
Theorem 4.16. Assume Γ ⊂ Λ + is a free and/or saturated monoid. Then the following assertions are equivalent:
(2) The moduli scheme M Γ is irreducible.
(3) The moduli scheme M Γ is smooth.
Proof. The first two assertions reproduces Corollary 3.16. The equivalence of the two last assertions follows from Theorem 4.14 and the connectedness of M Γ (Theorem 2.1).
Theorem 4.17. Let Γ be saturated or free. The root monoid of an affine spherical Gvariety with weight monoid Γ is free.
Proof. This follows readily from Theorem 2.5 together with Theorem 4.14. Proof. Thanks to Theorem 4.16, it suffices to prove that every pair (α, σ) ∈ Σ(Γ) × Σ(Γ), with α ∈ Π, is admissible. By Lemma 4.2, the cone E is generated by the set {ι(γ) | γ ∈ Π\Π p } and α ∨ , Γ ⊂ 2Z. To complete the proof, it remains to check that α ∨ , σ ≤ 0 for every α ∈ Σ(Γ) ∩ Π and every σ ∈ Σ(Γ)\Π. If α ∈ Supp σ then the above inequality holds automatically, therefore we may restrict ourselves to the case α ∈ Supp σ. Since both pairs (Π p , α) and (Π p , σ) are compatible, by (A.2), we have
. This property together with an inspection of Table 1 allows to conclude that α ∨ , σ ≤ 0.
Remark 5.2. The above corollary was proved for free saturated monoids in [Ja07, BC] and for monoids of spherical modules in [PvS] . In the latter, the monoids considered are free but not necessarily saturated.
5.2. Examples of non-irreducible M Γ . In all examples listed below the monoid Γ is free, E denotes the set of its indecomposable elements. 1. Let G = SL 3 and Γ = 3̟ 1 , ̟ 1 + ̟ 2 . We have Π p = ∅ and Λ = Z{α 1 , α 2 }. Spherical roots compatible with Λ are α 1 , α 2 , α 1 + α 2 . The basis of L dual to E is given by the elements e 1 = (α ∨ 1 − α ∨ 2 )/3 and e 2 = α ∨ 2 . We have Σ(Γ) = {α 1 , α 1 + α 2 } with ρ(S(α 1 )) = {e 1 , 2e 1 +e 2 }. The pair (α 1 , α 1 +α 2 ) is not admissible since 2e 1 +e 2 , α 1 +α 2 = 1 > 0.
2. Let G = SL 2 × SL 2 and Γ = 2̟ 1 , 2̟ 1 + 2̟ 2 . We have Π p = ∅ and Λ = Z{α 1 , α 2 }. Spherical roots compatible with Λ are α 1 , α 2 . The basis of L dual to E is given by the elements e 1 = (α ∨ 1 − α ∨ 2 )/2 and e 2 = α ∨ 2 /2. We have Σ(Γ) = {α 1 , α 2 } with ρ(S(α 1 )) = {e 1 , e 1 + 2e 2 } and ρ(S(α 2 )) = {e 2 , e 2 }. The pair (α 1 , α 2 ) is not admissible since e 1 + 2e 2 , α 2 = 1 but e 1 + 2e 2 / ∈ ρ(S(α 2 )). 3. Let G = SL 2 ×G 0 , where G 0 is a connected semisimple group, and Γ = α, lα + σ , where α is the simple root of SL 2 , σ ∈ (Σ G 0 ∩ Λ
)\Π, and l is a positive integer. We have Π p = Π p (σ)\{α} and Λ = Z{α, σ}. Spherical roots compatible with Λ are α and σ. Let e 0 be the element of L such that e 0 , α = 0 and e 0 , σ = 2. Then the basis of L dual to E is given by the elements e 1 = (α ∨ − le 0 )/2 and e 2 = e 0 /2. We have Σ(Γ) = {α, σ} with ρ(S(α)) = {e 1 , e 1 + 2le 2 }. The pair (α, σ) is not admissible since e 1 + 2le 2 , σ = l > 0.
We note that in the case l = 0 the pair (α, σ) is admissible. 4. Let G = SL 4 and Γ = 2̟ 1 + (2l + 1)̟ 2 , 2̟ 2 , ̟ 1 + ̟ 3 , where l is a positive integer. We have Π p = ∅ and Λ = Z{α 1 , α 2 , α 3 }. Spherical roots compatible with Λ are α 1 , α 2 , α 3 , α 1 + α 2 , α 2 + α 3 . The basis of L dual to E is given by the elements e 1 = (α . We have Σ(Γ) = {α 1 , α 2 } with ρ(S(α 1 )) = {e 1 , e 1 +e 3 } and ρ(S(α 2 )) = {e 2 , e 2 +(2l+1)e 1 }. The pair (α 1 , α 2 ) is not admissible because e 2 +(2l+1)e 1 , α 1 = l > 0 and e 2 +(2l+1)e 1 / ∈ ρ(S(α 1 )). We note that in the case l = 0 the pair (α 1 , α 2 ) is admissible. 5. Let G = SL 4 and Γ = ̟ 1 + (2l + 1)̟ 3 , ω 2 , 2ω 3 , where l is a positive integer. We have Π p = ∅ and ZΓ = Z{α 1 , α 2 , (α 1 + α 3 )/2}. Spherical roots compatible with Λ are α 1 , α 2 , α 3 , α 1 + α 2 , α 2 + α 3 . The basis of L dual to E is given by the elements e 1 = α ∨ 1 , e 2 = α ∨ 2 , and e 3 = (α ∨ 3 − (2l + 1)α ∨ 1 )/2. We have Σ(Γ) = {α 1 + α 2 , α 3 } with ρ(S(α 3 ) = {e 3 , e 3 + (2l + 1)e 1 }. The pair (α 1 + α 2 , α 3 ) is not admissible since e 3 + (2l + 1)e 1 , α 1 + α 2 = l > 0. We note that in the case l = 0 the pair (α 1 + α 2 , α 3 ) is admissible.
In the column "Π pp (σ)" of Table 1 we listed all roots in the set Π pp (σ) for every spherical root σ ∈ Z∆. If σ ∈ Σ G \Z∆, then Π pp (σ) = Π pp (2σ). Σ, then α ∨ , Λ ⊂ 2Z; (Σ2) if α, β ∈ Π, α ⊥ β, and α + β ∈ Σ ∪ 2Σ, then α ∨ , λ = β ∨ , λ for all λ ∈ Λ; (S) α ∨ , λ = 0 for all α ∈ Π p and λ ∈ Λ, and for every σ ∈ Σ the pair (Π p , σ) is compatible. (SCC) C is strictly convex and 0 / ∈ ρ O (F ).
Let X be a simple embedding of O and let Y denote the closed G-orbit in X. We set F X = {D ∈ D X | Y ⊂ D}. Let C X be the cone in Q X generated by the set ρ X (B X ∪ F X ). 
